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1. Introduction
Since Kac [5] introduced the Lie superalgebras, much progress has beenmade on the structure theory. Recently, there has
been lots of interest on the representation theory of the characteristic zero case. When char F = p > 0, Lie superalgebras
were studied in [7,8]. Also the notion of restricted Lie superalgebras was introduced.
In the present work, we introduce for each simple module of a restricted Lie superalgebra a p-character, with which
we study the simple modules for the special linear supalgebras sl(n|1). The research has been largely motivated by the
representation theory of modular Lie algebras (see [1,2,9]).
The paper is organized as follows. Section 2 gives the general set up for the restricted Lie superalgebras.We also study the
properties of their simple modules. In Section 3, we classify all the simple modules for sl(2|1) and compute their dimension
formulas. In Section 4, we classify the simplemodules for sl(n|1) (n > 2) with certain p-characters, and also determine their
dimension formulas.
The paper was started during the visit of the author to the Science Center, Harbin Institute of Technology. The author
would like to thank Professor Hong You for the hospitality. He also would like to thank Professor Zongzhu Lin for the useful
discussions.
2. Preliminaries
2.1. Basic definitions
Let F be an algebraically closed field with char F > 5. AssumeZ2 = {0, 1} is the field of two elements. Let V = V0⊕V1 be
a Z2-graded vector space over F. We denote by p(a) = θ the parity of a homogeneous element a ∈ Vθ , θ ∈ Z2. We assume
throughout this section that the symbol p(x) implies that x is Z2-homogeneous.
A superalgebra is a Z2-graded vector spaceA = A0 ⊕A1 endowed with an algebra structure such thatAθAµ ⊂ Aθ+µ
for all θ, µ ∈ Z2. A superalgebra g = g0 ⊕ g1 over F is called a Lie superalgebra provided that
(i) [a, b] = −(−1)p(a)p(b)[b, a],
(ii) [a, [b, c]] = [[a, b], c] + (−1)p(a)p(b)[b, [a, c]],
for a, b ∈ g0 ∪ g1, c ∈ g.
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Let g = g0 ⊕ g1 be a Lie superalgebra. Then the even part g0 is a Lie algebra and the odd part g1 is a g0-module under the
adjoint action. Note that in the case char F = 2, a Lie superalgebra is a Z2-graded Lie algebra. Thus one usually adopts the
convention that char F = p > 2 in the modular case.
Let V = V0 ⊕ V1 be a Z2-graded vector space, dim V0 = m, dim V1 = n. The algebra EndF(V ) consisting of the F-linear
transformations of V becomes an associative superalgebra if one defines
EndF(V )θ := {A ∈ EndF(V ) | A(Vµ) ⊆ Vθ+µ, µ ∈ Z2}
for θ ∈ Z2. On the vector superspace EndF(V ) = EndF(V )0 ⊕ EndF(V )1 we define a new multiplication [ , ] by
[A, B] := AB− (−1)p(A)p(B)BA for A, B ∈ EndF(V ).
This superalgebra endowed with the new multiplication is a Lie superalgebra, denoted by
gl(V ) = gl0(V )⊕ gl1(V ) or gl(m|n) = gl0(m|n)⊕ gl1(m|n).
For A =
[
α β
γ δ
]
∈ gl(m|n), define the supertrace:
str(A) = tr(α)− tr(δ).
Then
sl(m|n) := {A ∈ gl(m|n) | str(A) = 0}
is an ideal in gl(m|n) of codimension 1. One can find further information on Lie superalgebras in [5,6,10].
Recall that a Lie superalgebra g = g0 ⊕ g1 is called restricted if g0 is a restricted Lie algebra and if g1 is a restricted g0-
module (see [7,8]). The p-mapping [p] : g0 → g0 is also called the p-mapping of the Lie superalgebra g. Note that gl(m|n) is
restricted with the usual p-mapping (p-th power taken in End(V )).
Let V = V0¯ ⊕ V1¯ be a Z2-graded vector space and let g = g0¯ ⊕ g1¯ be a Lie superalgebra. Then V is called a g-module if
there is a Lie superalgebra homomorphism from g to gl(V ) such that gi¯Vj¯ ⊆ Vi+j for all i¯, j¯ ∈ Z2. Besides, V is called a simple
g-module provided that V has no proper Z2-graded submodules.
2.2. General properties
Lemma 2.1. Let g be a restricted Lie superalgebra andM =M0⊕M1 be a simple g-module. Then there is a unique χ ∈ g∗0 such
that (xp − x[p] − χp(x) · 1)M = 0 for all x ∈ g0.
Proof. Note that both M0 and M1 are g0¯-modules. Let M ⊆ M0 be a simple g0-submodule. Then there exists χ ∈ g∗0
such that (xp − x[p] − χp(x) · 1)M = 0 for all x ∈ g0. Clearly, U(g)m is a Z2-graded submodule ofM if 0 6= m ∈ M . Thus
U(g)m =M. Since g is restricted,we have [xp−x[p], g] = 0. Consequently, xp−x[p] ∈ Z(U(g)). Then (xp−x[p]−χp(x)·1)M =
U(g)(xp − x[p] − χp(x) · 1)m = 0. 
Let g be a restricted Lie superalgebra. For each χ ∈ g∗0 , define the χ-reduced enveloping algebra of g by u(g, χ) = U(g)/Iχ ,
where Iχ is the Z2-graded two-sided ideal of U(g) generated by elements {xp − x[p] − χ(x)p1|x ∈ g0}. When χ = 0, u(g, 0)
is called the restricted universal enveloping algebra of g (see [11,12] for the Lie algebra situation).
Let (g, [p]) be a restricted Lie superalgebra. Suppose that e1, . . . , em and f1, . . . , fn are ordered bases of g0 and g1
respectively. Applying similar arguments as that for the modular Lie algebra case, we have that u(g, χ) has the following
F-basis:
{f b(1)1 · · · f b(n)n ea(1)1 · · · ea(m)m |0 ≤ a(i) ≤ p− 1; b(j) = 0 or 1}.
A g-moduleM is called having a p-character χ ∈ g∗
0
provided that
xp ·m− x[p] ·m = χ(x)p m for all x ∈ g0, m ∈ M.
Lemma 2.1 shows that every simple module has a p-character. Clearly, u(g, χ)-modules may be identified with g-modules
having character χ.
Let gbe a Lie superalgebra. A subset s ⊆ g is called a Lie super-set if s ⊂ g0 ∪ g1 and s is closed under the Liemultiplication.
Analogous to [12, Th. 1.3.1], one can prove
Lemma 2.2. Let V = V0¯ ⊕ V1¯ be a Z2-graded space and s ⊂ gl(V ) a Lie super-set such that
(a) s is nil.
(b) g := 〈s〉 is finite dimensional.
Then g is strictly triangulable on V .
Lemma 2.3 (See [12, Coro. 1.3.8]). Let I be a finite dimensional Z2-graded ideal of a Lie superalgebra g andM = M0¯ ⊕M1¯ a
simple module of g. If x acts nilpotently onM for all x ∈ I , then IM = 0.
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Proof. Let W = {m ∈ M|Im = 0}. Since I is Z2-graded, W is a Z2-graded g-submodule ofM. RegardM as an I-module.
Then Lemma 2.2 ensures thatW 6= 0. Therefore,W =M. This completes the proof. 
Let Fm×n denote the set of allm by nmatrices. Recall that gl(m|n) = L−1 + L0¯ + L1, where
L1 =
{[
0 B
0 0
]
|B ∈ Fm×n
}
L−1 =
{[
0 0
C 0
]
|C ∈ Fn×m
}
.
Let g = g−1 + g0¯ + g1 ⊆ gl(m|n) and let g+ = g0¯ + g1.
Lemma 2.4. Let M =M0¯ ⊕M1¯ be a simple U(g+)-module (u(g+, χ)-module). Then g1M = 0.
Proof. Note that U(g+) ⊆ U(g). For x ∈ g1, x2 = 0, then x ∈ g1 is nilpotent in U(g+). Since [g0, g1] ⊆ g1 and [g1, g1] = 0,
g1 is an ideal of g+. Using Lemma 2.3, one gets the desired result. 
Let g = g−1 + g0¯ + g1 be a restricted Lie superalgebra, and let n− + h + n+ be the triangular decomposition of g0. Set
b+ =: n++ h+ g1. For each χ ∈ g∗0 , let λ ∈ h∗ satisfy λ(h)p−λ(h) = χp(h) for every h ∈ h. We define the one-dimensional
b+-module Fvλ as follows:
(g1 + n+)vλ = 0, hvλ = λ(h)vλ for every h ∈ h.
Denote Zχ (λ) = u(g, χ)⊗u(b+,χ) Fvλ.Zχ (λ) is called a Baby Verma module having character χ .
Definition 2.5. Let V = V0¯⊕V1¯ be a Z2-graded g-module, and let h be amaximal torus of g0 with a basis h1, . . . , hn. If there
is a nonzero vector v ∈ V0¯ ∪ V1¯, such that (n++ g1) · v = 0, and hi · v = λiv, λi ∈ F, i = 1, . . . , n, then v is called a maximal
vector of weight (λ1, . . . , λn).
Assume χ(n+) = 0. LetM = M0¯ ⊕M1¯ be a simple u(g, χ)-module, and letM′ ⊆ M be a simple b+-submodule. Then by
Lemmas 2.3 and 2.4, (n+ + g1)M′ = 0. Since F is algebraically closedM′ = Fv. Let v = v0¯ + v1¯, vi ∈Mi¯, i = 0, 1. Without
loss of generality we assume v0¯ 6= 0. Then v0¯ is a maximal vector. Hence every simple u(g, χ)-module contains at least a
maximal vector.
Applying a similar argument as that used for [3, Lemma 1.1], one gets
Lemma 2.6. Let χ ∈ g∗
0¯
with χ(n+) = 0, and let M = M0¯ ⊕ M1¯ be a Z2-graded u(g, χ)-module. Then the following are
equivalent:
(1) M is nonzero and is generated by each of its maximal vectors.
(2) M is simple.
Suppose g is a restricted Lie superalgebra. Let Aut(g) be the group of restricted automorphisms of g (an automorphismΦ
is called restricted ifΦ(x[p]) = Φ(x)[p] for each x ∈ g0¯). LetΦ ∈ Aut(g). IfM =M0¯ ⊕M1¯ is a g-module, we denote byMΦ
the g-module havingM as its underlying vector space and a new g-action given by xm = Φ(x)m for x ∈ g andm ∈M, where
the action on the right is the given one. ThenM is simple if and only ifMΦ is simple. Let χ ∈ g∗
0¯
andΦ ∈ Aut(g). We define
χΦ ∈ g∗
0¯
as follows: χΦ(x) = χ(Φ(x)), for all x ∈ g0¯. Then we see thatMΦ is a u(g, χΦ)-module ifM is a u(g, χ)-module.
Lemma 2.7. Let χ ∈ g∗
0¯
with χ(n+) = 0. For every simple u(g, χ)-module M = M0¯ ⊕ M1¯, there is an epimorphism
Zχ (λ)→M.
Proof. Let vλ ∈M0¯ ∪M1¯ be a maximal vector of weight λ. Then there is a u(g, χ)-module homomorphism ϕ: Zχ (λ)→M
induced by the inclusion map Fvλ 7→M. SinceM is simple, Lemma 2.6 shows that ϕ is an epimorphism. 
Let g = g−1+ g0+ g1 ⊆ gl(m|n) andM be a simple u(g0, χ)-module. RegardM as a u(g+, χ)-module by letting g1 ·M = 0.
Define
Zχ (M) = u(g, χ)⊗u(g+,χ)M.
Note that the exterior algebra ∧(g−1) is Z2-graded with
∧(g−1)0¯ = 〈v1 ∧ · · · ∧ v2k|vi ∈ g−1〉
∧(g−1)1¯ = 〈v1 ∧ · · · ∧ v2k+1|vi ∈ g−1〉.
As a vector space, Zχ (M) = ∧(g−1)⊗FM . We set Zχ (M)i =: ∧(g−1)i⊗FM , i = 0, 1. Then Zχ (M) = Zχ (M)0 ⊕ Zχ (M)1 is
naturally Z2-graded.
Applying a similar argument as that used in [2], one gets
Zχ
Φ
(MΦ) ∼= (Zχ (M))Φ .
Let n ≥ 2. Recall the definition of the Lie superalgebra g = sl(n|1) = g0¯ + g1¯: g0¯ = 〈eij|1 ≤ i 6= j ≤ n〉 ⊕ h, where
h = 〈eii + en+1,n+1|i = 1, . . . , n〉; g1¯ = g1 + g−1, where g−1 = 〈en+1,i|i = 1, . . . , n〉 and g1 = 〈ei,n+1|i = 1, . . . , n〉. We
denote eii + en+1,n+1 by hi, i = 1, . . . , n. Then g is restricted with the p-mapping satisfying
e[p]ij = 0, i 6= j, h[p]i = hi, i = 1, . . . , n.
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3. Classification of the simple modules for sl(2|1)
In this section we classify the simple modules for the restricted Lie superalgebra g = sl(2|1). Let h1 = e11 + e33 and
h2 = e22 + e33. Then g0¯ = 〈e21, e12, h1, h2〉 ∼= gl2. Let M be a simple u(g0¯, χ)-module with χ ∈ g∗0¯ . Under the coadjoint
action of Aut(g), χ is conjugate to one of the following (see [4, 5.4]):
(1) χ(h1) = r , χ(h2) = s, χ(e12) = χ(e21) = 0.
(2) χ(h1) = χ(h2) = r , χ(e21) = 1 and χ(e12) = 0.
We refer to the χ in the case (1) as semisimple, and the χ in the case (2) as nilpotent.
Let M be a simple u(g0¯, χ)-module, and let v ∈ M be a maximal vector of weight (η1, η2). By definition, hiv = ηiv,
i = 1, 2, e12v = e13v = e23v = 0. Note that ηi ∈ Fp if and only if χ(hi) = 0, i = 1, 2. We refer to the weight (η1, η2) as
exceptional if η1 = −1 or η2 = 0.
Remark. In case η1−η2 ∈ Fp, we also use η1−η2 to represent the smallest nonnegative integerwhose residue classmodulo
p is η1 − η2.
3.1. Some formulas
In this subsection we list some formulas to be used in the following. For the brevity, we leave the details of the
computation to the interested reader.
Recall the induced module Zχ (M) = u(g, χ)⊗u(g+,χ)M . Assume
m = 1⊗m1 + e31e32 ⊗m2 ∈ Zχ (M)0
is a maximal vector of weight (λ1, λ2), wheremi ∈ M , i = 1, 2.
From h1m = λ1m and h2m = λ2m, one gets
h1m1 = λ1m1 h2m1 = λ2m1
h1m2 = (λ1 − 1)m2 h2m2 = (λ2 − 1)m2. (∗)
Applying the positive root vectors e12, e13 and e23 tom, we obtain the formulas
e12m1 = 0 and e12m2 = 0. (1)
λ1m2 = 0. (2)
λ2m2 = 0 and e21m2 = 0. (3)
Let
m′ = e31 ⊗ v1 + e32 ⊗ v2 ∈ Zχ (M)1¯
be a maximal vector of weight (µ1, µ2). From him′ = µim′, i = 1, 2, we get
h1v1 = µ1v1 h2v1 = (µ2 − 1)v1
h1v2 = (µ1 − 1)v2 h2v2 = µ2v2. (∗∗)
Applying the positive root vectors e12, e13 and e23 tom, we obtain the formulas
e12v1 = 0 and e12v2 = v1. (4)
(1+ µ1)v1 = 0. (5)
e21v1 + µ2v2 = 0. (6)
3.2. The simplicity of Zχ (M)
If χ is semisimple, then by [9, Prop. 3],M has a unique maximal vector v. Assume the weight of v is (η1, η2).
Proposition 3.1. Let g = sl(2|1) and χ ∈ g∗
0¯
be semisimple. If η1 6= −1 and η2 6= 0, then Zχ (M) is simple.
Proof. By Lemma 2.6, it suffices to show that Zχ (M) has a unique maximal vector 1⊗ v (up to scalar multiple).
Let m = 1 ⊗ m1 + e31e32 ⊗ m2 ∈ Zχ (M)0¯ be a maximal vector of weight (λ1, λ2). By (1), mi(i = 1, 2) is a nonzero
multiple of v if it is nonzero. Ifm2 6= 0, then one would get from (∗) that η1 = λ1 − 1, and hence λ1 6= 0, contrary to (2).
Letm′ = m31⊗ v1+ e32⊗ v2 ∈ Zχ (M)1¯ be a maximal vector of weight (µ1, µ2). Suppose v1 6= 0. Then by (4) one would
get v1 = cv for some c 6= 0. It follows from (∗∗) that η1 = µ1, so that µ1 6= −1, contrary to (5).
Suppose that v1 = 0 but v2 6= 0. Then by (4) v2 would be maximal. Thus one would get from (∗∗) that η2 = µ2, and
hence µ2 6= 0, contrary to (6).
Thus, we conclude that there is no maximal vector in Zχ (M)1, and Z
χ (M) has a unique maximal vector 1⊗ v. 
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Let N = N0¯ ⊕ N1¯ be a sl(2|1)-module. Recall that a nonzero element v ∈ N0¯ ∪ N1¯ is called a maximal vector if eijv = 0
whenever 1 ≤ i < j ≤ 3, and hiv = civ, i = 1, 2. Recall that g0¯ = 〈e12, e21, h1, h2〉 ∼= gl2. A nonzero element v ∈ N0¯ ∪ N1¯
is referred to as a gl2-maximal vector or being gl2-maximal, if e12v = 0 and if hiv = civ, i = 1, 2. Thus a maximal vector is
gl2-maximal, but the converse is not true.
Suppose χ is nilpotent. Let v ∈ M be a gl2-maximal vector of weight (η1, η2). Then we get (e11 − e22)v = (η1 − η2)v.
Since χ(e21) 6= 0, we have
M = 〈v, e21v, . . . , ep−121 v〉.
If η1−η2 ∈ Fp and η1−η2 6= p−1, thenM has two gl2-maximal vectors v and eη1−η2+121 v (see [4, 5.4]). A short calculation
then shows that the weight of the second gl2-maximal vector is (η2 − 1, η1 + 1).
Remark. Clearly the assumption η1 6= −1 and η2 6= 0 also holds for the maximal vector eη1−η2+121 v once it is assumed for v.
Proposition 3.2. Let g = sl(2|1) and χ ∈ g∗
0¯
be nilpotent. If η1 6= −1 and η2 6= 0, then Zχ (M) is simple.
Proof. Letm = 1⊗m1+ e31e32⊗m2 ∈ Zχ (M)0¯ be a maximal vector of weight (λ1, λ2). Ifm2 6= 0, then by (1)m2 would be
maximal. By the remark above we may assume m2 = v. Then we would get from (∗) that η1 = λ1 − 1, and hence λ1 6= 0,
contrary to (2).
Suppose v′ = e31⊗v1+e32⊗v2 ∈ Zχ (M)1¯ is amaximal vector. In a similar fashion, one obtains v1 = v2 = 0. i.e., there is
no maximal vector in Zχ (M)1¯. Thus, the maximal vector in Z
χ (M)must be in the form 1⊗ v ∈ Zχ (M)0¯, where v is maximal
inM . It follows that Zχ (M) is simple. 
In summary, we have
Theorem 3.3. Assume η1 6= −1 and η2 6= 0. Then Zχ (M) is a simple u(g, χ)-module. If χ is semisimple, then Zχ (M)’s with
different weights are nonisomorphic. If χ is nilpotent, then two Zχ (M)’s with weight (λ1, λ2) and (η1, η2) respectively are
isomorphic if and only if (λ1, λ2) = (η2 − 1, η1 + 1).
Proof. Ifχ is semisimple, then by the proof of Proposition 3.1 each Zχ (M) contains a uniquemaximal vector 1⊗v. Therefore,
two Zχ (M)’s with different weights are nonisomorphic. If χ is nilpotent, then from the proof of Proposition 3.2 Zχ (M)
contains the maximal vector 1⊗ v, and also 1⊗ eη1−η2+121 v in case η1− η2 ∈ Fp and η1− η2 6= p− 1. Which establishes the
last claim of the theorem. 
3.3. The exceptional weights
3.3.1. The maximal vectors in Zχ (M)
Lemma 3.4. Let χ ∈ g∗
0¯
be semisimple.
(a) Suppose η1 = −1 and η2 6= −1, 0. Then Zχ (M)0¯ has a unique maximal vector 1⊗ v, and Zχ (M)1¯ has a unique maximal
vector
v′ = e31 ⊗ v − e32 ⊗ (η2 + 1)−1e21v.
(b) If η1 = −1 and η2 = −1, then Zχ (M)0¯ has two maximal vectors 1 ⊗ v and e31e32 ⊗ v, and Zχ (M)1¯ has no maximal
vectors.
(c) If η2 = 0, then Zχ (M)0¯ has a unique maximal vector 1⊗ v, and Zχ (M)1¯ has a unique maximal vector e32 ⊗ v.
Proof. We shall only prove the statement (a). By applying similar arguments, one can get (b) and (c).
Letm = 1⊗m1+ e31e32⊗m2 ∈ Zχ (M)0¯ be amaximal vector. Ifm2 6= 0, thenm2 would bemaximal by (1). So wewould
get from (∗) that η2 = λ2 − 1, and hence λ2 6= 0, contrary to (3). Thus 1⊗ v is the unique maximal vector in Zχ (M)0¯.
Let
m′ = e31 ⊗ v1 + e32 ⊗ v2 ∈ Zχ (M)1¯
be a maximal vector. Suppose v1 6= 0. By (4), v1 is maximal. Then by (∗∗) we get η2 = µ2 − 1, which implies that
µ2 6= 0. Hence we get from (6) that v2 = −(η2 + 1)−1e21v1. If v1 = 0 and v2 6= 0, then v2 would be maximal
by (4), and (∗∗) would imply that µ2 = η2 6= 0, contrary to (6). Therefore, Zχ (M)1¯ has a unique maximal vector
m′ = e31 ⊗ v − (η2 + 1)−1e32 ⊗ e21v. 
If χ is nilpotent, and if χ(h1) = χ(h2) = r 6= 0, then since ηpi − ηi = rp 6= 0, we get ηi 6∈ Fp, i = 1, 2. Using (2), (5) and (6),
one obtains that 1⊗ v is the unique maximal vector in Zχ (M). So Zχ (M) is simple.
We shall consider the case χ(h1) = χ(h2) = 0 in the next lemma. The assumption χ(e21) = 1 implies that the action of
e21 onM is invertible, so we have by (3) that, if η1 − η2 6= p− 1, Zχ (M)0¯ has two maximal vectors: 1⊗ v, 1⊗ eη1−η2+121 v.
By applying similar arguments as that used in the proof of Lemma 3.4, we get
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Lemma 3.5. Let χ ∈ g∗
0¯
be nilpotent.
(1) If η1 = −1 and η2 6= 0,−1, then Zχ (M)1¯ has a unique maximal vector
e31 ⊗ v − (η2 + 1)−1e32 ⊗ e21v.
(2) If η1 = −1 and η2 = −1, then Zχ (M)1¯ has a unique maximal vector e32 ⊗ e21v.
(3) If η1 = −1 and η2 = 0, then Zχ (M)1¯ has two unique maximal vectors:
e31 ⊗ v − e32 ⊗ e21v, e32 ⊗ v.
(4) If η2 = 0 and η1 6= −1,−2, then Zχ (M)1¯ has two maximal vectors:
e31 ⊗ eη1+121 v − (η1 + 2)−1e32 ⊗ eη1+221 v, e32 ⊗ v.
(5) If η2 = 0 and η1 = −2, then Zχ (M)1¯ contains a unique maximal vector e32 ⊗ v.
3.3.2. The simple quotients of Zχ (M)
Lemma 3.6. Let g = g0¯ + g1¯ be a Lie superalgebra andM = M0¯ ⊕M1¯ be a g-module. Suppose bothM0¯ andM1¯ are simple
g0¯-modules. If there are x, y ∈ g1¯ such that xM0¯ 6= 0 and yM1¯ 6= 0, thenM is simple.
The proof is obvious.
Theorem 3.7. If χ is semisimple, then Zχ (M) has a unique maximal submodule Z = Z0¯ ⊕ Z1¯. Set Lχ (M) = Zχ (M)/Z.
(a) If η1 = −1 and η2 6= 0,−1, then Z is generated by m′ = e31 ⊗ v − (η2 + 1)−1e32 ⊗ e21v, and
dim Lχ (M) =
{
2(η1 − η2 + 1)+ 1, if η2 ∈ Fp
2p, if η2 6∈ Fp.
(b) If η1 = −1 and η2 = 0, then Z is generated by e32 ⊗ v, and dim Lχ (M) = 2p.
(c) If η1 = −1 and η2 = −1, then Z = Fe31e32 ⊗ v, and dim Lχ (M) = 3.
(d) If η1 6= −1 and η2 = 0, then Z is generated by e32 ⊗ v, and
dim Lχ (M) =
{
2η1 + 1, if η1 ∈ Fp and 0 ≤ η1 < p− 1
2p, if η1 6∈ Fp.
Proof. We shall only give the proof of assertion (a). (b)–(d) can be proved by applying similar arguments. By Lemma 3.4,
Zχ (M)1¯ has a unique maximal vector
m′ = e31 ⊗ v − (η2 + 1)−1e32 ⊗ e21v.
Let Z = Z0¯+Z1¯ be the submodule of Zχ (M) generated bym′. Then Z1¯ is spanned by all the ei21m′’s. A short calculation shows
that
ek21m
′ = (1+ k(η2 + 1)−1)e31 ⊗ ek21v − (η2 + 1)−1e32 ⊗ ek+121 v, 0 ≤ k ≤ p− 1.
Note that eη1−η221 m′ = 0 if η2 ∈ Fp. Then we obtain
Z1¯ =
{〈m′, e21m′, . . . , eη1−η2−121 m′〉, if η2 ∈ Fp
〈m′, e21m′, . . . , ep−121 m′〉, if η2 6∈ Fp.
Since [e21, e31e32] = 0, we have
Z0¯ =
{〈e31e32 ⊗ v, . . . , e31e32 ⊗ eη1−η221 v〉, if η2 ∈ Fp
〈e31e32 ⊗ v, . . . , e31e32 ⊗ ep−121 v〉, if η2 6∈ Fp.
Thus we get
Lχ (M)0¯ =
{
〈1⊗ v, . . . , 1⊗ eη1−η221 v〉, if η2 ∈ Fp
〈1⊗ v, . . . , 1⊗ ep−121 v〉, if η2 6∈ Fp.
and
Lχ (M)1¯ =
{
〈e32 ⊗ v, . . . , e32 ⊗ eη1−η221 v, e31 ⊗ eη1−η221 v〉, if η2 ∈ Fp
〈e31 ⊗ v, . . . , e31 ⊗ ep−221 v, e32 ⊗ v〉, if η2 6∈ Fp.
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In case η2 6∈ Fp, each simple u(g0¯, χ)-module is p-dimensional by [4, 5.4]. Then both Lχ (M)0¯ and Lχ (M)1¯ are simple. If
η2 ∈ Fp, a straightforward calculation then shows that Lχ (M)0¯ has a unique gl2-maximal vector 1⊗ v of weight η1 − η2,
and Lχ (M)1¯ has a unique gl2-maximal vector e32 ⊗ v of weight η1 − η2 + 1. Therefore, both Lχ (M)0¯ and Lχ (M)1¯ are simple
u(g0¯, χ)-modules.
Note that e321⊗ v = e32 ⊗ v 6= 0. In the case η2 ∈ Fp, we have e13e31 ⊗ eη1−η221 v = η21⊗ eη1−η221 v 6= 0. In the case
η2 6∈ Fp, we have e23e32 ⊗ v = η21⊗ v 6= 0. Then Lemma 3.6 shows that Lχ (M) is simple. Hence, Z is amaximal submodule.
Since each proper submodule of Zχ (M) contains a maximal vector, hencem′, Z is the unique maximal submodule. 
Proposition 3.8. Let χ ∈ g∗
0¯
be semisimple. Then Lχ (M) has a unique maximal vector 1⊗ v.
Proof. We shall only prove the assertion for the case η1 = −1 and η2 6= 0,−1. The assertion for the rest cases can be
proved similarly.
By [9, Prop. 3], Lχ (M)i¯, i = 0, 1, has a unique gl2-maximal vector. By the proof of Theorem 3.7, 1⊗ v is the only gl2-
maximal vector in Lχ (M)0¯, and is also maximal. L
χ (M)1¯ contains a unique gl2-maximal vector e32 ⊗ v. But it is not maximal,
since e23e32 ⊗ v = η21⊗ v and η2 6= 0. 
Theorem 3.9. Assume χ is nilpotent and χ(h1) = χ(h2) = 0. Let M be a simple u(g0¯, χ)-module with exceptional weight. Then
Zχ (M) has a unique maximal submodule Z = Z0¯ ⊕ Z1¯. Set Lχ (M) = Zχ (M)/Z. Then dim Lχ (M) = 2p. In particular, we have:
(1) If η1 = −1 and η2 6= 0,−1, then Z is generated by
e31 ⊗ v − (η2 + 1)−1e32 ⊗ e21v.
(2) If η1 = −1 and η2 = −1, then Z is generated by e32 ⊗ e21v.
(3) If η1 = −1 and η2 = 0, then Z is generated by e31 ⊗ v − e32 ⊗ e21v, and also generated by e32 ⊗ v.
(4) If η1 6= −1,−2 and η2 = 0, then Z is generated by e32 ⊗ v, and also generated by
e31 ⊗ eη1+121 v − (η1 + 2)−1e32 ⊗ eη1+221 v.
(5) If η1 = −2 and η2 = 0, then Z is generated by e32 ⊗ v.
Proof. (1) By Lemma 3.5, Zχ (M)1¯ has a unique maximal vector
m′ = e31 ⊗ v − (η2 + 1)−1e32 ⊗ e21v.
Note that
ek21m
′ = (1+ k(η2 + 1)−1)e31 ⊗ ek21v − (η2 + 1)−1e32 ⊗ ek+121 v, 0 ≤ k < η1 − η2
eη1−η221 m
′ = −(η2 + 1)−1e32 ⊗ eη1−η2+121 v
......
ep−121 m
′ = −(η2 + 1)−1(e32 ⊗ v − η2e31 ⊗ ep−121 v).
It is also easy to see that
Z1¯ = 〈m′, e21m′, . . . , ep−121 m′〉
and
Z0¯ = 〈e31e32 ⊗ v, . . . , e31e32 ⊗ ep−121 v〉.
This gives us
Lχ (M)0¯ = 〈1⊗ v, . . . , 1⊗ ep−121 v〉
and
Lχ (M)1¯ = 〈e31 ⊗ v, . . . , e31 ⊗ ep−121 v〉.
Since e13e31 ⊗ v = −1⊗ v 6= 0, Lemma 3.6 shows that Lχ (M) is simple. SupposeN is a proper submodule of Zχ (M). Then
N containsm′, hence we getN = Z . So Z is the unique maximal submodule of Zχ (M).
(2)–(5) can be proved similarly. Details are left to the interested reader. 
Proposition 3.10. Suppose χ is nilpotent and χ(h1) = χ(h2) = 0. Then Lχ (M) has a unique maximal vector 1⊗ v if
η1 − η2 = p− 1, while Lχ (M) has two maximal vectors 1⊗ v, 1⊗ eη1−η2+121 v, if η1 − η2 6= p− 1.
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Proof. We shall only give the proof of the assertion for the case η1 = −1 and η2 6= 0,−1. The assertion for the rest cases is
left to the reader.
By [4, 5.4], each simple u(gl2, χ)-module contains two gl2-maximal vectors: v, e
η1−η2+1
21 v. In the present case, L
χ (M)0¯
has maximal vectors 1⊗ v, 1⊗ eη1−η2+121 v. Lχ (M)1¯ has gl2-maximal vectors e31 ⊗ eη1−η2+121 v and e31 ⊗ ep−121 v, but neither of
which is maximal, since
e23 · e31 ⊗ eη1−η2+121 v = 1⊗ eη1−η2+221 v 6= 0
and
e23 · e31 ⊗ ep−121 v = 1⊗ ep21v = 1⊗ v 6= 0. 
Let M be a simple u(g0¯, χ)-module generated by the gl2-maximal vector of weight (η1, η2), and let L
χ (M)(η1, η2) denote
the simple quotient of Zχ (M). Then we have
Corollary 3.11. If χ is nilpotent and χ(h1) = χ(h2) = 0, then
Lχ (M)(η1, η2) ∼= Lχ (M)(η2 − 1, η1 + 1).
Notice that if χ is nilpotent, and if χ(h1) = χ(h2) = r 6= 0, then (η1, η2) is not exceptional.
Let g = g−1 ⊕ g0¯ ⊕ g1 ⊆ gl(m|n) be a restricted Lie superalgebra. Recall g+ = g0¯ + g1. Then we have
Lemma 3.12. Let M = M0¯ ⊕M1¯ be a simple u(g, χ)-module. Then there is a simple u(g+, χ)-submodule contained in either
M0¯ or M1¯.
Proof. Let v ∈ M0¯ ∪M1¯ be a maximal vector. Without loss of generality we assume v ∈ M0¯. Then u(g0¯, χ)v ⊆ M0¯ is a
u(g+, χ)-submodule. So it contains a simple u(g+, χ)-submodule. 
To summarize, we have
Theorem 3.13. Let g = sl(2|1) and χ ∈ g∗
0¯
with χ(n+) = 0. Let M be a simple u(g0¯, χ)-module having a maximal vector of
weight (η1, η2).
(1) If (η1, η2) is not exceptional, then we have that every simple u(g, χ)-module is isomorphic to Zχ (M). In this case we let
Lχ (M) = Zχ (M).
(2) If χ is semisimple and (η1, η2) is exceptional, then each simple u(g, χ)-module is isomorphic to some Lχ (M) given in
Theorem 3.7.
(3) For each semisimple χ , there are p2 distinct (up to isomorphism) simple u(g, χ)-modules. They are represented by
{Lχ (M)|M ∈ S}, whereS is a complete set of distinct simple u(g0¯, χ)-modules.
(4) In case χ is nilpotent and χ(h1) = χ(h2) = 0, then each simple module with exceptional weight is isomorphic to some
Lχ (M) given in Proposition 3.8. In addition,
dim Lχ (M) = 2p.
(5) If χ is nilpotent, there are totally p
2+p
2 distinct simple u(g, χ)-modules. They are represented by {Lχ (M)|M ∈ S}, where S
is a complete set of distinct simple u(g0¯, χ)-modules.
Proof. LetM be a simple u(g, χ)-module, and letM ⊆M0¯ be a simple u(g+, χ)-submodule. By assumption, there is a gl2-
maximal vector v ∈ M of weight (η1, η2). The inclusion map M → M induces a Z2-graded u(g, χ)-module epimorphism
ψ : Zχ (M) −→M.
In case (η1, η2) is not exceptional, since Zχ (M) is simple, ψ is an isomorphism. This proves (1).
In case (η1, η2) is exceptional, Zχ (M) has a unique maximal submodule by Theorems 3.7 and 3.9. ThenM is isomorphic
to the unique simple quotient Lχ (M). This proves (2) and (4).
(3) is an immediate consequence of (2) and Proposition 3.8.
(5) If χ is nilpotent, then we obtain Lχ (M)(η1, η2) ∼= Lχ (M)(η2 − 1, η1 + 1) from Theorem 3.3 and Corollary 3.11. Note
that (η1, η2) = (η2 − 1, η1 + 1) if and only if η2 − η1 = 1, so we have totally p2+p2 distinct simple u(g, χ)-modules. 
Let g = sl(2|1) and χ ∈ g∗
0¯
, and letM = M0¯ +M1¯ be a simple u(g, χ)-module. Recall that there exists Φ ∈ Aut(g) such
that χΦ is either semisimple or nilpotent. ThenMΦ is a simple u(g, χΦ)-module. By the theorem above,MΦ is isomorphic
to certain Lχ
Φ
(M). Two simple u(g, χ)-modulesM1 andM2 are isomorphic if and only ifMΦ1 andM
Φ
2 are isomorphic or,
equivalently, their corresponding Lχ
Φ
(M)’s are isomorphic. Therefore, there are totally p2 distinct simple u(g, χ)-modules
if χΦ is semisimple, while there are totally p
2+p
2 distinct simple u(g, χ)-modules if χ
Φ is nilpotent.
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4. Simple modules for sl(n|1), n > 2
In this section we determine the simple modules for the restricted Lie superalgebra g = sl(n|1), n > 2. Recall
g = g−1 + g0¯ + g1 and g+ = g0¯ + g1. We denote hi = eii + en+1,n+1, i = 1, . . . , n. Then h = 〈h1, h2, . . . , hn〉 is a maximal
torus of g0. Let n
+ denote
∑
i<j≤n Feij ⊆ g0¯. Let χ ∈ g∗0¯ andM be a simple u(g0¯, χ)-module. Set Zχ (M) = u(g, χ)⊗u(g+,χ)M .
Theorem 4.1. If χ(h1)χ(h2) · · ·χ(hn) 6= 0 and χ(n+) = 0, then Zχ (M) is simple.
Proof. For I = {i1, . . . , is} ⊆ {1, . . . , n}, we denote the product en+1,i1 · · · en+1,is ∈ u(g, χ) by eI . Assume
m =
∑
|I|even
eI ⊗mI ∈ Zχ (M)0¯
is a maximal vector of weight (λ1, . . . , λn), where eachmI ∈ M . Let |iIj| = Card{s ∈ I|i < s < j}. Then we get in u(g, χ) the
following identities :
[eij, eI ] =
{
(−1)|iIj|+1eI\i∪j, if i ∈ I , j 6∈ I
0, otherwise, i < j ≤ n.
xy1 . . . yk = (−1)ky1 · · · ykx+
k∑
i=1
(−1)i−1y1 . . . [x, yi] . . . yk, x, y1, . . . , yk ∈ g1¯.
By calculating
eijm =
∑
eI ⊗ eijmI +
∑
i∈I,j6∈I
(−1)|iIj|+1eI\i∪j ⊗mI = 0, i < j ≤ n
with the identities above, we get
eijmI =
{
(−1)|iIj|mI\i∪j, if i 6∈ I , j ∈ I
0, otherwise.
For each l = 1, . . . , n, we have
λlm = hl
∑
eI ⊗mI =
∑
eI ⊗ hlmI +
∑
[hl, eI ] ⊗mI
=
∑
eI ⊗ hlmI +
∑
(|I| − δl∈I)eI ⊗mI .
This gives us hlmI = (λl − |I| + δl∈I)mI , l = 1, . . . , n.
Assume i ≤ j for every j ∈ I . Then it is easy to get
[ei,n+1, eI ] =: ei,n+1eI − (−1)|I|eIei,n+1 =

∑
j=1
(−1)j−1eI\ijei,ij , if i 6∈ I
hieI\i +
∑
j=2
(−1)j−1eI\ijei,ij , if i ∈ I.
Applying e1,n+1 tom, we have
0 = e1,n+1m =
∑
1∈I
h1eI\1 ⊗mI +
∑
16∈I
k∑
j=1
(−1)j−1eI\ij ⊗mI\ij∪1
=
∑
1∈I
eI\1 ⊗ λ1mI +
∑
16∈I
k∑
j=1
(−1)j−1eI\ij ⊗mI\ij∪1.
Fixing I with 1 ∈ I , and taking all the terms involving eI\1 ⊗mI , we obtain
eI\1 ⊗
(
λ1 +
k∑
j=1
(−1)|1Iij|+j−1
)
mI = 0.
Note that λ1 6∈ Fp, so wemust havemI = 0 for each I with 1 ∈ I . Thus by induction, we getmI = 0 whenever I is nonempty,
hence m = 1 ⊗ m0 ∈ 1 ⊗ M . Applying a similar argument, one obtains that Zχ (M)1¯ contains no maximal vectors. Then
Zχ (M) is simple by Lemma 2.6. 
Applying a similar argument as that used in the proof of Theorem 3.13, we have
Corollary 4.2. Let g = sl(n|1) and χ ∈ g∗
0¯
. If χ(h1) · · ·χ(hn) 6= 0 and χ(n+) = 0, then there are totally pn distinct simple
u(g, χ)-modules. They are represented by {Zχ (M)|M ∈ S}, whereS is a complete set of simple u(g0¯, χ)-modules.
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